We present a linear treatment of the Einstein-Gauss-Bonnet gravity on a singular co-dimension one brane embedded in (d + 1) dimensional anti-de Sitter spacetimes. We show that the four-dimensional propagator at long distances along the brane gives the zero-energy solution, which corresponds to a localized massless graviton with correct momentum and tensor structures.
Introduction
Recently, ideas behind the branes propogating in an anti-de Sitter (AdS) spacetimes with warped extra dimensions have generated tremendous momentum in both theoretical and phenomenological fronts of high energy physics research. The main new ingredient is the possible presence of a "brane" on which the Standard Model degrees of freedom could be localized. An intriguing picture was that of Randall and Sundrum [1] , as their first proposal (referred as RS1), put forward to resolve the mass hierarchy problem in particle physics, which also gives an interesting example for trapping gravity on the brane.
Since the spacetime metric contains a red shift (warp) factor e −2A(y) , which depends non-trivially on the extra dimension y, this model gives a geometrical resolution of the hierarchy problem in a convincing way. This proposal was made more concrete in the scenario pioneered further by Randall and Sundrum [2] , as their second model (referred as RS2), which gives an elegant example of effective four-dimensional gravity as a bound state graviton mode of the 5d gravity living in an AdS space.
In order to localize gravity to the brane, one may work in an embedding bulk space with a negative cosmological constant, thus the total action in five spacetime dimensions reads
Here κ 5 = 16πG (5) = M −3 * with M * being the five-dimensional mass scale, and h is the determinant of the induced metric on the 3-brane. In the single 3-brane picture [2] , the brane tension T > 0 has to be positive and AdS length scale is set by l 2 = −6M 3 * /Λ. Working in the conformal z-coordinate, the RS bulk metric looks like
The brane resides at z = l, and there is a horizon for observer z > l at z = ∞. The RS2 model has been viewed as a fruitful alternative to the conventional KK compactification because gravity is effectively trapped on a singular 3-brane. The most radical feature of the RS2 model is the presence of usual 4-dimensional gravity as the zero-mode spectrum of 5-dimensional theory on 4d boundary.
Another salient feature of the model is also that one recovers correct momentum and tensor structures by recognizing so called "brane-bending" mechanism [3, 4] , and this holds even with the EinsteinGauss-Bonnet interaction terms [5] .
In the RS scenarios, an attention was paid to the Einstein gravity with or without matter coupling on the brane. Of course, a low energy effective action describes the dynamics of a background field for sufficiently weak curvatures at sufficiently long distances. But it would be more physical to include higher order corrections in the Ricci scalar, Ricci tensors and also possibly Riemann curvatures to better understand the viability of brane-world models. This is because, the relevant physics on the brane certainly involve finite curvatures, also the importance of the higher powers of curvature terms has been enhanced in the RS type d-dimensional boundary field theory, which could be dual to the bulk theory living in (d + 1)-dimensional anti-de Sitter space [6] . It might be incorrect to assume that adding higher curvature terms with small coefficients will only produce only small modification of the Randall-Sundrum brane-world solution or any other solutions based on Einstein's theory. Let us note a simple example, with Einstein term one does not have a non-trivial brane tension in the intersection of two 4-branes [7] , but one can easily show that in the presence of Gauss-Bonnet term in six dimensions [8, 9] there exists a non-trivial 3-brane brane tension at the common intersection of two 4-branes. Since a 3-brane in the Randall-Sundrum models is a singular source giving rise to the delta function in the energy momentum tensor, and the delta function is matched by the second derivative of the metric in the equations of motion, one should take the quadratic curvature corrections in the 5d action of the RS models to give no larger than second derivatives of the metric. A concrete example of such quadratic corrections is nothing but the Gauss-Bonnet term, which is also attributed to the low energy effective string action [10] . Recently, various new solutions of the Einstein-Gauss-Bonnet gravity have been investigated in the Refs. [5, 8, 9, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] in the context warped brane-world models.
The theory we are going to discuss in this paper in connection with a single brane model is multidimensional Einstein-Gauss-Bonnet theory. Refs. [11, 5] have discussed some interesting features of the brane-world model and Newtonian potential correction with the GB invariant in five spacetime dimensions. Indeed, in the context of warped geometry in D ≥ 5, the Gauss-Bonnet term is consistent to explain the basic features of the RS model, including a localized zero-mode solution on the brane [11, 5, 16] . The brane-world cosmology has also been discussed in Ref. [22] in the context of RS single model modified by the GB interaction term. There are a number of outstanding questions with the RS type brane-world model. One of them is the dynamics of AdS bulk gravity when one extends the theory by taking into account the higher curvature interactions, and understanding of the RS brane-worlds from the view point of the AdS/CFT correspondence. The thermodynamic properties of the anti-de Sitter black holes in R 2 gravity and nature of stringly coupled CFT on the brane have been investigated in [23] .
The paper is organized as follows. In next Section, we shall begin by expressing the basic equations of the linearized Einstein gravity coupled to the non-factorized RS type metric with a warp factor.
In section 3, we discuss some essential features of the RS2 scenario in the presence of the GB term.
Importantly, we show that the GB term does not affect the massless graviton mode and the Einstein gravity on the brane. In Section 4, we shall present a detail analysis of the graviton propagator. The linearized Einstein-Gauss-Bonnet gravity in (d + 1) = 5 has been studied in the Ref. [11, 5] , so in this section we would like to extend the analysis valid for arbitrary (d + 1) spacetime dimensions.
As applications, we discuss some crucial features of the graviton propagators, and also evaluate the correction to the Newtonian potential. Section 5 contains conclusions. Finally, we present in the appendices some useful derivations of the linearized equations, including the higher order curvature terms, in the backgrounds of warped spacetime geometry.
Gravity in brane backgrounds
In order to consider an intersecting brane-world model, we shall begin with the following effective
The indices p, q, 
where z i count the number of extra dimensions. The above metric was first introduced in [7] to study an intersecting brane-world scenario. Here we extend this work by including the higher curvature terms in the Gauss-Bonnet combination. We study the metric perturbations around the background
The Einstein field equations (i.e. with α = 0) derived from the action (3) have an exact solution A(z i ) = log(
i=i |z i |/l + 1) with l being the AdS curvature radius (see Ref. [8] for an analytic treatment in six dimensions), satisfying the relations
We note that when α = 0, one has T = 0. As we mentioned above the four-dimensional brane tension
T at the common intersection of two 4-branes does not vanish in six dimensions for a non-trivial α.
The above two expressions further imply
This implies that for a physical result the bulk spacetime has to be anti-de Sitter (Λ < 0). The brane tensions Λ k actually measure the strength of brane sources, and also control the discontinuity of the derivatives of warp factor e −2A(z) at each brane. Note that in a single brane model and d + 1 = 5, Λ k is replaced by T , so that Λ k represents the 3-brane tension.
A linear expansion of the Einstein field equations (with α = 0) in (d + 1) spacetime dimensions, with the gauge h p p = 0, ∂ q h pq = 0, would rise to give
where
We first consider the case with a vanishing GB coupling (α = 0). For vacuum brane(s) and for any action of the form (3), one can define δT ab =T ac h c b (wherē T ab =Ḡ ab is taken about the background) in the gauge h µm = 0 and δ mn h mn = 0. That is, one is forced to work in axial gauge h am = 0, also called RS gauge. In this gauge, the linear equations of motion δG ab − κ d+1 δT ab take the following form [24] −
Here
µν and 2 4hµν = m 2h µν , whereh µν = ǫ µν e ip.x ψ(z), ǫ µν is the polarization tensor, we arrive at the following analog non-relativistic Schrodinger equation:
Here V ef f is the effective Volcano potential in (d + 1) spacetime dimensions, which is given by
This reduces to the RS potential in d + 1 = 5, and has been extensively studied in the literature, including Refs. [3, 4, 24] , so we consider the case for a non-trivial α in next section.
Corrections to Newtonian gravity
We now allow a non-trivial matter source T (m) µν on the brane, and also a non-zero Gauss-Bonnet coupling α. With 4d TT condition and RS choice, h ab only has non-zero components h µν . One considers the scalar wave equation for each of the components h µν in the background ( 4) to study the behavior and mass spectrum of the graviton on the brane. The exact metric solution for the modified Einstein equations is given by
, where L is the AdS curvature scale modified due a non-zero α. The linearized field equations take the following explicit form (Appendix C.10)
where L 2 is defined by the bulk solution [9, 14] 1
This can be inverted to get an expression for Λ
Except the term with Dirac delta function, which actually vanishes for |z| > 0 and also one uses
. This might suggest that the physics on the brane with the Einstein-Gauss-Bonnet terms will be hidden in a renormalization of the Einstein constant, which can also be seen from the exact behavior of graviton propagators.
Randall-Sundrum limit in d + 1 = 5
One may define the metric perturbation in a canonically normalized form, i.e. h µν = e 3A(z)/2h µν , and look for the solutions of the formh µν (x, z) = ǫ µν e ip.x ψ(z), where ǫ µν is a constant polarization tensor 
, and we have used 2 z = ∂ 2 z and 2 xhµν = m 2h µν . The RS type volcano potential is obtained when γ = 0. The inverse of L characterizes the decay width of the potential [24] . We would like to emphasize that, like the case with α = 0, the attractive δ(z) term still implies an existence of localized zero-mode solution for the graviton wave function h µν (0) = e 2A(z) ǫ µν e ip.x , when m 2 = 0. To be precise, and also to justify this claim properly, of course, one has to perform an exact analysis for the graviton propagators by imposing appropriate boundary conditions both at the anti-de Sitter horizon and at the position of the brane(s), which we actually do in the next section. Here we give at first an heuristic approach, which may look rather a technical approach, but nonetheless, is a viable prescription.
We note that Eq. (14) is nothing but the Eq. (56) of the Ref. [16] , except a difference that sgn(z) 2 = 1 has been used there, and also that e −A(z) δ(z) is expressed as δ(z) since A(0) = 0 at z = 0.
However, it is important to note that the function sgn(z) is defined to vanish for vanishing argument and only for z = 0 one can use sgn(z) 2 = 1. As also noted in [21] one must regularize the δ-function by using the identities
We should also note that ∂ z ψ(|z|) = 0 at z = 0, but ∂ z ψ(0 + ) = −∂ z ψ(0 − ). Then, the first and second round bracket terms when operate on ψ 0 (z) rise to give the following non-trivial boundary terms
which actually vanishes due a jump condition implied by the zero-energy wavefunction across the brane at z = 0:
This very clearly reveals that, for the massless mode (m 2 = 0), the boundary condition implied by the δ-function potential in the α = 0 case also satisfies the b.c. for α = 0. We will indeed justify the above claim that the zero-energy solution with a non-trivial GB interaction is a massless graviton localized on the brane in next section from exact propagator analysis. It is worthwhile to note that, in the presence of GB term, a proper regularization of the δ-function can also provide a necessary jump condition on the brane.
We should note that the eigenmodes with m 2 = 0 on the brane, nonetheless, are affected by the GB coupling α. For m 2 > 0, one has to consider the precise continuum mode for the potential (14) .
In order to satisfy the boundary condition implied by the δ-function potential on the brane at z = 0, and also at the anti-de Sitter horizon, one must choose the linear combination
Here the coefficient A m can be determined from the boundary condition implied by the δ-function potential on the brane at z = 0, which is explicitly given by
where χ = γ/(1 − γ). In particular, one has A m = 4/(πL 2 m 2 ) for γ = 0. The eigenmodes with energies m << 1/L and |z| >> L have the same behavior as for γ = 0, which one easily reads off from Eq. (24) . For a non-trivial γ, the graviton wavefunction corresponding to the continuum of KK modes, when d + 1 = 5, is given by
One can then estimate the static gravitational potential at long distance scales on the brane by evaluating contributions of the zero-energy mode and the massive KK modes (the latter gives the leading order correction). The four-dimensional gravitational potential between two point masses m 1 , m 2 separated at a distance r is estimated to be
where the modified Newton constant is defined by (
A factor (1 − γ) −1 actually arises from the linearized bulk equation, which therefore contributes equally to the zero-mode and the KK mode, and we have absorbed this term into the four dimensional Newton constant G 4 .
Note that correction to the Newton's law defined above does not involve the contribution from the brane-bending mode, which could change the factor 1/2 in the Eq. (21) into 2/3 (see, for example, Refs. [3, 11] ).
Green functions in (d + 1) dimensions
The graviton propagator in (d + 1) dimensions can be decomposed into the Fourier modes
where the Fourier components,
Since, e A(z) = |z|/L + 1, we use
p and p 2 = −q 2 , we arrive at
In the coordinate transformation: A(y) = |y|/L ←→ A(z) = log(|z|/L + 1) (i.e. from a nonconformal frame to a conformal frame) y = 0 is mapped to z = 0. For a definiteness, let us set (d + 1) = 5. As in the case worked out in [3, 4, 11] , when there is matter source on the brane, one may work in the Gaussian normal coordinates such that brane is located atȳ = y + α 5 (x) = 0, with α 5 (x) being an arbitrary brane shift function, which preserve the gaugeh 55 =h µ5 = 0. A vacuum brane located atȳ = −∞ is mapped to z = 0.
In Gaussian normal coordinates (x,ȳ), the Fourier modes of the propagator in (d+1) = 5 satisfy [5,
Here dot represents differentiation with respect toȳ, and the source term Σ µν is given by [4, 11] 
µν (x,ȳ) = T µν (x)δ(ȳ), the condition Σ µ µ = 0 justifies the gauge choiceh = 0. The boundary condition, analogous to the Neumann boundary condition on the gravitational field
Eq. (24) will then imply the following matching conditions at z = z ′ :
The most general solution of the Bessel Eq. (24), satisfying the matching equations (28) plus the boundary condition (27) leads to the following general expression of the graviton propagator, for
, and H
1,2 (qL) = J 1,2 (qL)+iY 1,2 (qL) is the Hankel function of the first kind. When z > z ′ , use of the boundary condition at z = ∞, analogous to the Hartle-Hawking boundary condition which requires the +ve frequency wave be ingoing to the anti-de Sitter horizon z → ∞ but no re-emission, results in
Use of Eq. (28) will then imply the following general expression for the graviton propagator:
Let us fix one of the arguments of G d+1 at z ′ = L, then the above graviton propagator can be reduced to
For both arguments of the propagator at z, z ′ = L, use of the Hankel recursion relation H ν−1 (qL) + H ν+1 (qL) = (2ν/qL)H ν (qL) rises up to give
where c is a dimensional constant (c = 4, 64, · · ·, for d = 6, 8, · · ·) and the last expression above involving logarithmic term will be absent for odd d (so that D = 6, 8, · · ·). We may split the above expression as
The long distance behavior (r >> L) of the propagator is actually governed by the small q behavior of the Fourier mode, and for the case qL << 1, leading order contribution to the propagator comes from the logarithm. When d + 1 = 5, for |x − x ′ | >> L, qL << 1, at the leading order in q, we find
Therefore, G 4 (x, x ′ ) is just the ordinary massless scalar propagator in four-dimensions. Moreover, Eq. (34) suggests that even with the GB interaction a 4d massless graviton propagator is indeed contained in the 5d propagator, which is a plausible result. Furthermore, analogous to the γ = 0 case, we recover the standard 4d zero-mode (massless) graviton propagator as the 4d massless scalar propagator even if γ = 0, which is very remarkable observation. For the KK modes, we obtain We now briefly quote some of the novel features of the above results by restricting the spacetime dimension to five. As an immediate implication, in the limit qL << 1 (i.e., |x − x ′ | = r >> L), one can evaluate the Newtonian potential due to a point source of mass 2πm * on the brane, which follows from (36) by integrating over time
This is identical to the result we have obtained in the previous section from mode analysis.
Let us note that when both the arguments of the propagator are on the brane, the metric fluctuation h µν on the brane can be read [11] 
Thus the one-particle exchange amplitude in the presence of matter source T
(m)
µν is given by
Since this is positive definite and ghost (negative norm state) free, we find the correct expression for the massless spin-2 graviton observed on the brane, thus the RS2 model is free from ghost. The result is not unexpected for the higher curvature terms in the Gauss-Bonnet combination, because this is the only variant of the higher derivative gravity which is ghost-free in any space-time dimensions. It is worth mentioning that the fourth-order gravity defined by the interactions
is also free of massive spin-2 ghost in four spacetime dimensions [25] .
Conclusion
In a linearized analysis of warped brane-world gravity, we have clearly extended the previous work in the literature [2, 7, 4, 5] where k is the inverse AdS curvature length. We have implemented this expression in Section III of the text.
